The classical tensionless string theory has the spacetime conformal symmetry. We expect and require that the quantum tensionless string theory has it too. In the BRST quantization method, the theory has no spacetime conformal anomaly in two dimensions. On the other hand, in the light-cone gauge quantization without the mode expansion, the theory in D > 3 has the spacetime conformal anomaly in the traceless part of [J −I , K J ] in some operator order. In this paper, we consider a tensionless closed bosonic string in the light-cone gauge and investigate the spacetime conformal anomaly in the theory with the mode expansion. The appearance of the spacetime conformal anomaly in the light-cone gauge is different between the case of D > 3 and the case of D = 3 and depends on the choice of the operator order. Therefore we must consider dangerous commutators in the spacetime conformal symmetry of D > 3 and D = 3 in each operator order separately. Specifically we calculate dangerous commutators, [J
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Introduction
Classical string theories have the spacetime symmetry as the global symmetry, as well as a point particle [32] . The tensionful string theory 1 has the Poincaré symmetry and the tensionless string theory has the enhanced symmetry, the spacetime conformal symmetry. As is well known, the quantization of the tensionful string usually causes the anomaly in the Poincaré symmetry, the Lorentz anomaly. To avoid this anomaly, the spacetime dimensions and the operator ordering constant are determined [26, 27, 28, 29, 30, 31] .
Such anomalies and restrictions are known also in the quantum tensionless string theory. There are two kinds of anomalies in the tensionless string theory, the Lorentz anomaly and the spacetime conformal anomaly. The Lorentz anomaly in the tensionless string theory is investigated with various methods. In the BRST quantization method, the absence of the critical dimension is verified in a operator order [33] and the same critical dimension and ordering constant as the tensionful string theory are verified in the normal order [34] . On the other hand, in the light-cone gauge quantization method, the absence of the critical dimension in some operator orders and the same critical dimension in the XP-normal order 2 are verified [33, 35] as the case of the BRST quantization.
The spacetime conformal anomaly in the tensionless string theory is also investigated with various methods. In the BRST quantization, the critical dimension of the conformal string theory is two [36] 3 . On the other hand, in the light-cone gauge quantization, the case of two dimensions is not under consideration 4 because of no stringy dynamical variable. Furthermore it is verified by the calculation without the mode expansion that the dangerous commutator, [J −I , K J ], in the light-cone gauge of higher dimensions causes the anomaly in the Reference order, called R-order for short 5 [37, 38, 39] . Similarly, tensionless string theories with the supersymmetry [40, 41, 42, 43] and theories of a higher dimensional object [44, 45] are studied.
There is only one transverse direction in three dimensional light-cone coordinate. Therefore the Lorentz anomaly vanishes for the string theory in the light-cone gauge of D = 3, in addition to the usual critical dimension, D = 26 or D = 10. Such an avoidance of the anomaly in three dimensions cannot be obtained with the BRST formalism. The difference between two quantization methods is strange and interesting. Of course, there is no necessity for the coincidence of results in two methods, and we just expect it. Recently the specialty of three dimensional light-cone gauge has gathered attention and then the mass spectra of some 3-dim. tensionful string theories in the light-cone gauge have been investigated in detail [46] . Because there is not any restriction except for D = 3 in the case of the bosonic tensionful string, the operator ordering constant is undetermined. Such an ambiguity is removed for a tensionful superstring [46, 47, 48, 49] . Similarly, the ambiguity in three dimensional theories may be removed by the requirement of some larger symmetry.
In this paper, we consider a tensionless closed bosonic string in the light-cone gauge and investigate whether there is the anomaly of the spacetime conformal symmetry in the theory. Because the appearance of the anomaly in the spacetime conformal symmetry is different between the case of D > 3 and the case of D = 3 and depends on the choice of the operator order, we must consider dangerous commutators in the spacetime conformal symmetry of D > 3 and D = 3 in each operator order separately. The dangerous commutators which we must calculate at least are [J −I , K K ] in D > 3 and
The main products of our study in this paper are the avoidance of the spacetime conformal anomaly in one type of the operator orders, the Hermitian R-order 6 (and the Weyl order) and the explicit calculation of the spacetime conformal anomaly in another type of the operator orders, the XP-normal order. A part of the first product is based on [50] .
The organization of this paper is below. In section 2 we review the classical theory of a tensionless string in the light-cone gauge. We give the action for the tensionless string and the classical generators of the spacetime conformal symmetry in the light-cone gauge.
In section 3 the above tensionless string theory in the light-cone gauge is quantized. Then some candidates for the string ground state and the operator order are shown. One type of the operator orders is the Hermitian R-order (and the Weyl order). Another type of them is the XP-normal order.
In section 4 we consider the structures of commutators in some examples for the operator order. Then we find the structures of dangerous commutators to use them in the following sections.
In section 5 we consider dangerous commutators of the spacetime conformal symmetry in the Hermitian R-order. Although we need some regularization in the Hermitian R-order, we calculate In section 7 we discuss other types of string, super and open to comment on the difference from the tensionless bosonic closed string theory in supersymmetric and open string theories respectively. Then we estimate whether the anomaly in commutators exists or not. Finally, we summarize this paper and give the outlook for future works.
In appendix we give the following contents: the commutation relations of the spacetime symmetry in D > 3 and D = 3, the cut-off regularization as an explicit example and the calculation with the cut-off regularization of dangerous commutators in the Hermitian R-order.
Tensionless String and Global Symmetry
In this section we review the classical theory of a tensionless closed bosonic string.
Action of tensionless string and generators of its global symmetry
We firstly change the Nambu-Goto action to the equivalent action on the phase space and then consider the action of a tensionless string in the same way as the point-particle case. 7 The Nambu-Goto action for a string with tension T 8 is
where τ is the time-like coordinate on the world sheet and σ is the space-like coordinate with the period of 2π on the world sheet. Here the overdot (˙) means τ -derivative and the prime ( ′ ) means 6 The Hermitian R-order is defined as the Hermitian version of the R-order. It will be explained in section 3. 7 The action of a massive point particle, Sm = −m dt −ẋ µẋ µ, is equivalent to
, we obtain the action of a massless point particle as S = dt ẋ µ pµ − σ-derivative. This action is classically equivalent to
where P µ is a conjugate momentum of X µ , and V and U are Lagrange multipliers. In the case of T = 0, we solve P µ , U and V in order to get the original action in (2.1).
We can choose T = 0 in (2.2) in the same way as the case of a point particle.
This is one of the action of a tensionless closed string. Because the tensionlessness is clear and we can easily solve the constraints in the light-cone gauge, we use (2.3) as the action of a tensionless string in this paper. 9 The action in (2.3) has the next gauge symmetry corresponding to the world sheet diffeomorphism.
And the field equations of X µ , P µ , V and U arė
The equations in (2.6) are constraint conditions.
The action in (2.3) has the spacetime conformal symmetry as the global symmetry. The generators of the spacetime conformal symmetry are shown below.
(2.7)
P µ , J µν , D and K µ are the generators of the translation, the Lorentz transformation, the dilatation and the special conformal transformation respectively. 9 Of course, there are other equivalent actions for a tensionless string. For example, [32, 37, 39] . The world sheet diffeomorphism in this action is clear,
, and this action is a better representation for the covariant treatment such as the BRST quantization.
Under the gauge transformation in (2.4), the generators of the translation and the Lorentz transformation are invariant and the generators of the dilatation and the special conformal transformation are weakly invariant. Thanks to the gauge invariance of generators, we can use these generators in the light-cone gauge only by changing the spacetime index. Furthermore, from field equations, we find that generators are independent of τ . Therefore all we consider is only the case of τ = 0.
Generators in light-cone gauge
In this subsection we fix the gauge symmetry in (2.4) and show the representations of generators (2.7) in the light-cone gauge.
Gauge fixing
First we define the light-cone coordinate as 8) where I is the index of transverse directions, I = 2, . . . , D − 1. And we define the Dot product in light-cone coordinate as
This gauge choice fixes most of the gauge freedoms such that α = 0 and β = β 0 (τ ). The residual gauge symmetry by β 0 (τ ) corresponding to σ-shift is fixed by u = dσ 2π U = 0 and gives the only one constraint.
By using field equations 10 and mode expansions, 11 we can solve the constraints in (2.6) to obtain the explicit representations of X − and P + as follows: 10) where x − is the zero mode of X − (σ) and
, we obtain the mass square operator as
10 Field equations of X and P solve the τ -dependence of fields. From here, we assume that the τ -dependence of fields is solved and then we consider only the case of τ = 0.
11 Mode expansions of X I and PI are X I (σ) = n X I n e inσ , X I 0 = x I and PI (σ) = n PI,ne inσ , PI,0 = pI .
In our convention of τ , the motion of the center of the tensionless string is restricted byẋ
Furthermore the residual constraint which corresponds to the gauge choice, u = 0, is written as
L n and M m in (2.11) and (2.13) satisfy the 2D Galilean conformal algebra (GCA): 13
(2.14)
Classical generators in light-cone gauge
We give the representations for generators of the spacetime conformal symmetry in the light-cone gauge.
The generators of the translation in the light-cone gauge are
The generators of Lorentz transformation in the light-cone gauge are
In three dimensions, J IJ does not exist and we can write Lorentz generators as vector,
where we omit the index of transverse direction. The generator of the dilatation in the light-cone gauge is
The generator of special conformal transformation in the light-cone gauge are
In three dimensions, K I becomes simple a little.
where we omit the index of transverse direction.
In quantum theory, the representation of the generators in the spacetime conformal symmetry become complicated, according to the choice of the operator order. Furthermore quantum effect terms in K − can become anomalous.
Operator Order and String Ground State
In this section we consider quantize the tensionless string theory in the last section and then consider some candidates for the operator order and the string ground state.
Quantization of tensionless string in light-cone gauge
The dynamical variables of the tensionless string theory in the light-cone gauge in the last section are X I (σ) and x − , and their conjugate momenta, P I (σ) and p − . The theory is quantized by the following commutation relations:
and otherwise zero. For Fourier modes, the second commutation relation is written as
where the next delta function for the periodic function was used:
3.2 Some candidates for operator order and string ground state
The choice of the operator order is very important in the quantum theory because it determines (or greatly affects) the physical result of the theory. As usual tensionful string theories, the vacuum for the zero-mode part is the eigenstate of momenta, |p I , p − . Here, in the quantum tensionless string theory, we consider some candidates for the operator order of non-zero modes and the string ground states corresponding to them. In determining the operator order and the string ground state for string theory, the mass square operator, M 2 , is very important key. 15 If we choose an operator order, the string ground state corresponding to the order must be the eigenstate corresponding to a minimum eigenvalue of M 2 in the order. Or, if we choose a string ground state, the operator order corresponding to the state must order M 2 such that the state is the eigenstate corresponding to a minimum eigenvalue of it.
In the case of a usual string theory with non-zero tension, T = 0, we compose the left-moving and right-moving modes from X-mode and P -mode,
and then consider the normal order of them. Because the mass square operator in the normal order is the set of the harmonic oscillator, the string ground state is annihilated by both positive modes.
In the case of the tensionless string theory, we cannot make the combination such as α I (T )n orα I (T )n , because the tensionless string theory has no dimensionful parameter such as tension T . However operator orders which are different from the normal order of left-and right-moving modes have been studied [39, 35] , e.g. the Reference order (R-order) 16 and the "XP-normal order." 17 We consider these two orders and others in detail below.
R-order and similar orders
The R-order is obtained by referring to the case of a usual tensionful string in the following way. For the sufficiently small T , the left-and right-moving modes in (3.4) are
By collecting both positive modes, we find that the natural candidates for the string ground state in the case of the tensionless string theory is the state annihilated by P I,n for n = 0, |0 P :
Because the mass square operator in the tensionless string theory is written only with P -mode as seen in (2.12), one of the operator orders in which |0 P becomes the eigenstate corresponding to a minimum 18 eigenvalue of M 2 is the R-order, in which all P -modes are to the right of X-modes.
Of course, there are other operator orders in which |0 P becomes the eigenstate corresponding to a minimum eigenvalue of M 2 . For example, the Weyl order and the Hermitian R-order. In the Weyl order, an operator is totally symmetrized. In the Hermitian R-order, an operator O is ordered into the average of the R-ordered operator O R and its hermitian conjugate:
For a generator or a commutator of lower degree than 4, the Hermitian R-ordered one equals the Weyl ordered one. However, for a generator or a commutator of 4th degree or higher degree such as K − and [J −I , K − ], both ordered ones are different generally. Such differences affect the investigation of the anomaly in the spacetime conformal symmetry. M 2 in the R-order, the Hermitian R-order and the Weyl order are the same as each other and M 0 in these orders are also the same because of n n = 0. Therefore the physical mass spectrum is equivalent to each other. Furthermore, because there is no difference between the R-order case, the Weyl order case and the Hermitian R-order case in [J −I , J −J ] as seen in the next section, the check of the Lorentz anomaly in these operator orders is done similarly.
There is a problem in the calculation in the R-order. Because most of generators in the R-order are not hermitian, we have to hermitianize them. The generators of the translation which consist only of P -modes do not need the hermitianization, but other generators need usually. We define the generator in the R-order as follow:
where G R , g R and · · · are R-ordered operators. For some generators in the R-order, g R and · · · contain divergent terms. Therefore we need some regularization. 16 In the R-order, all P -modes are to the right of X-modes. 17 In the XP-normal order, all X-and P -positive modes are to the right of negative ones. 18 The eigenvalue of the R-ordered M 2 is positive or zero from its structure and it is clear that |0 P is the zero-mass eigenstate of the R-ordered M 2 .
As seen in appendix, the hermitian version of operators in the R-order has non-hermitian divergent terms and non-hermitian dropping terms. These terms break the hermitianity of operators in the limit of the regulator. Therefore, in this paper, we use the Hermitian R-order as the operator order corresponding to |0 P to calculate commutators in the spacetime symmetry. 19 
XP-normal order
The mass square operator, M 2 , in the tensionless string theory consists only of P -mode as seen in (2.12). Because P -modes commute mutually, we can always move all positive P -modes to the right of negative ones without any extra term. Therefore the state annihilated by positive modes of X and P is the eigenstate corresponding to zero eigenvalue of M 2 . We represent it as |0 XP , which satisfy
The operator order corresponding to |0 XP is the XP-normal order, in which all positive modes of X and P are to the right of negative ones [35] .
In the XP-normal order, it is known that mass eigenstates except for the string ground state |0 XP have a problem in their norms. 20 In section 6, we will find that physical states are restricted to the string ground state in terms of the spacetime conformal anomaly.
Other operator orders
For other candidates of the operator order in the tensionless string theory, we may consider the orders in which linear-combinational modes of X and P are normally ordered in the same way as the case of the usual tensionful string theory. However, such operator orders have problems in the positivity of the mass square operator and the norm of mass eigenstates [35] . Therefore we don't study them in this paper.
Operator orders used in the following sections
We collect the operator orders and the string ground states used in the following sections below.
Operator Orders used in the Following Sections Order name
Ordering rule ground state R-order all P -modes are to the right of X-modes |0 P Hermitian R-order * the hermitian average of the R-order |0 P XP-normal order all positive modes of X & P are to the right of negatives |0 XP * : Weyl order is similar.
Structure of Commutators
Some commutators in the spacetime conformal symmetry contain terms of higher degree with respect to Fourier modes, X n and P n . contains operators of degree 5. Furthermore, in the (Hermitian) R-order and the Weyl order, we need the regularization because of divergent terms. In the XP-normal order, we will find the central extension terms in some commutators. Therefore the calculation of commutators in the spacetime conformal symmetry is very complicated.
Before we calculate concretely (dangerous) commutators of the spacetime conformal symmetry in the tensionless string theory, we investigate the relation between the choice of operator orders and the structure of commutators. The effect of quantization in the calculation of commutators arises from terms which are exchanged with other operators several times to be ordered correctly. Such quantum effect terms, which is differences from classical results, depend on the choice of the operator order and are in some cases dangerous, even anomalous.
If we know how quantum effects appear in commutators, we can determine the possible structure of commutators of generators to some extent to help the concrete calculation of commutators in the spacetime conformal symmetry. In this section, firstly, we show some examples to investigate the structure of quantum effect terms which arise when a hermitian operator is ordered in a given operator order. Then we give the possible structure of some dangerous commutators in the Hermitian R-order and the XP-normal order.
Example for structure of quantum effect terms
The generators are hermitian operators. The commutator of two hermitian operators is the imaginary unit i times a hermitian operator, anti-hermite. Because the hermitian-operator part is usually not ordered, we must order it correctly. At that time, quantum effect terms arise.
In this subsection, by showing some examples, we consider how quantum effect terms arise at the time when we order a hermitian operator in a given operator order. Then we give the possible structure of a dangerous commutator, [ 21 in the Hermitian R-order and the XP-normal order. Other dangerous commutator are shown in the next subsection.
Example 1 : Coordinate and Momentum
First we consider the coordinate x and the momentum p which satisfy the usual commutation relation [x, p] = i as fundamental operators. We compare some hermitian combinations with Weyl ordered ones. (A) W indicates Weyl ordered version of operator A.
Cubic example
Cubic operators of the product of two x and one p case are xxp, xpx and pxx. Hermitian combinations of them are xpx, 
Operators of the product of one x and two p are discussed similarly.
Quartic example
Hermitian combinations of quartic operators which are the product of three x and one p are
(xxxp + xxpx + xpxx + pxxx) and so on. The first and second 21 The commutator corresponding to it in D = 3 is [J − , K]. This is not dangerous because there is only one transverse direction in D = 3. This defineK − . We will find easily the structure ofK
combinations cause no extra term when they are Weyl-ordered:
Operators of the product of one x and three p are discussed similarly. Hermitian combinations of operators which are the product of two x and two p are xppx, pxxp,
(xxpp + xpxp + xppx + pxxp + pxpx + ppxx) and so on. They are Weyl-ordered as
In this case, constant quantum effect terms are possible, but quadratic ones are impossible. We find in the last line that there is an quantum difference between the Hermitian R-ordered operator and the Weyl-ordered one. Note that quantum effect terms are in the degree which is 4 degrees lower than the highest degree.
Similarly, in the higher degree case, quantum effect terms can appear in terms which is 4 degrees lower than the highest degree.
Example 2 : Creation and Annihilation Operators
Next we consider the creation operator a † and the annihilation operator a. They are Hermitian conjugate with each other and satisfy the usual commutation relation, [a, a † ] = 1. Here we compare some Hermitian combinations with the normal-ordered ones.
Cubic example
The example of cubic hermitian operators is below.
The quantum effect terms are linear, which is 2 degrees lower than the highest degree, unlike the case of x and p. The reason is that a and a † are not self Hermitian conjugate and are complex combinations of x and p, a ↔
Quartic example
The examples of quartic operators which are the product of two a and two a † are
Thus the possible quantum effect terms are quadratic, which is 2 degrees lower than the highest degree, and constant terms, which is 4 degrees lower than the highest degree.
Similarly, in the higher degree case, there is the possibility that quantum effect terms appear in the degree which is 2 degrees lower than the highest degree.
Example 3 : Fourier Modes
In this subsubsection we consider Fourier modes of coordinate and momentum for a closed string, X n and P n . For simplicity, we omit the index of the spacetime. X n and P n satisfy the usual commutation relation and the reality condition, [X n , P m ] = iδ n,−m and (X n ) † = X −n and (P n ) † = P −n . We consider quartic operators of X-modes and P -modes as example. Because the "dangerous" commutators such as [J −I , J −J ] and [J −I , K K ] are quartic 22 and the cases of the higher degree are similarly discussed, it is important and instructive for finding the structure of quantum effect terms in dangerous commutators to consider the quartic operators as examples. Here we concretely consider hermitian combinations of quartic operators which are the product of two X-modes and two P -modes such that the summation of indexes in each term is zero. We will find below that they can cause a constant quantum effect term as well as quadratic terms.
First we order some Hermitian combinations in the Hermitian R-order. For example,
Thus quantum effect terms appear in the second degree, which is 2 degrees lower than the highest.
If there are index-inverted partners, terms of the second degree make commutators, e.g. [X n , P −n ] = i.
In this case, we obtain only the constant quantum effect term, which is 4 degrees lower than the highest. More generally, we consider the next operator which has the same structure as generators or commutators in the spacetime symmetry for the tensionless string theory.
where the summation symbol n indicates ∞ n=−∞ and the coefficient has the symmetry which invert the sign of the Fourier mode index, f n,m,l = f −n,−m,−l , 23 so called "mode flipping symmetry." Here we do not use other symmetries for the coefficient such as f n,m,l = f m,n,l and f n,m,l = f n,m,−n−m−l . The Hermitian R-order version of (4.7) is
Next we compare other Hermitian combinations with (4.8) . If the operator order preserves the mode flipping symmetry, a quantum effect term in Hermitian operator of degree 4 is only constatnt. We explicitly show the fact below.
Operator order with mode flipping symmetry
We reorder some Hermitian combinations preserving the mode flipping symmetry in the Hermitian R-order and compare them with (4.8).
v.s. Sandwich order
For example, the Sandwich ordered-(4.8) is reordered in the Hermitian R-order as
The quantum effect term is constant, which in 4 degrees lower than the highest degree.
v.s. Weyl order
The Weyl ordered-(4.8) is reordered in the Hermitian R-order as
and the quantum effect term is constant, which is 4 degrees lower than the highest degree. Thus we find that quantum differences of a hermitian operator between some two orders preserving the mode flipping symmetry is 4 degrees lower than the highest degree.
Structure of [J −I
HR , K K HR ] From above two example, we can induce the structure of [J −I , K K ] in operator orders preserving the mode flipping symmetry. For example, in the Hermitian R-order, 24 we find the next structure by seeing the quantum versions of (2.16) and (2.19).
[
where terms with M 0 at the right end are included in the first part and C is constant. We need some regularization if the constant C diverges. The detail of the regularization is considered in appendix. The structure of [J
Operator order without mode flipping symmetry : XP-normal order
As an example of the operator order which breaks the mode flipping symmetry, we consider the XPnormal order. Here we ignore zero mode for simplicity. 25 Therefore, all summation symbols are unified into the sum over the half range, n>0 . Now we reorder (4.8) into the XP-normal order. We divide the summation into four regions where coefficients equal. The part of (n, m, l) = (+ + +), (− − −) with the coefficient
Note that all operators commute with each other. There is no extra term. The part of (n, m, l) = (+ + −), (− − +) with the coefficient f n,m,
The part of (n, m, l)
(4.14)
Finally we exchange n and m in (4.14) to obtain the part of (n, m, l)
We unify the above results to find that the quantum effect terms in XP -normal order are quadratic and constant:
(f n,m,−n + f n,m−m ). where terms with M 0 at the right end are included in the first part. This has the same structure as the next explicit calculation in the (Hermitian 28 ) R-order [35] :
Note that M 0 is the ordered version of (2.13) and XP -quadratic. 29 Similarly, the structure of [J −I , J −J ] in D > 3 and in the XP-normal order is 30
where terms with M 0 at the right end are included in the first part. This has the same structure as the next explicit calculation [35] :
Furthermore, the structure of [J − , K − ] in D = 3 and in the Hermitian R-order is
where we included the term with M 0 at the right end in the first part and C ′ is constant. From (4.21), we find that there is no anomalous term of degree 3. This is calculated concretely in the next section. Because of the algebraic requirement, in the calculation in the next section we must use redefinedK − instead of K − . Similarly, the structure of [J − , K − ] in D = 3 and in the XP-normal order is 31
where we included the term with M 0 at the right end in the first part andC ′ is constant. If exists, the second part in the r.h.s. of (4.22) becomes an anomalous part of degree 3. This is calculated directly in the next section. Because of the algebraic requirement, in the next section we must use redefined 27 The possible structure of commutators in the Weyl order is the same. 28 Because we do not need the regularization in the calculation of [J −I , J −J ], the calculation in the R-order gives the same result in the Hermitian R-order. Furthermore there is no constant quantum difference in the calculation of [J −I , J −J ], which contains XP P P -quartic operators in the highest degree. Therefore the calculations in the Hermitian R-order and the Weyl order are identical. 29 The ordering constant absorbs in the right hand side of the constraint: M0 ≈ a. 30 Note that the indexes of modes are omitted for simplicity. 31 Note that for simplicity the indexes of modes are omitted and cubic parts are not written in the correct operator order.
Thus we obtain the structure of dangerous commutators, such as (4.11), (4.16), (4.17), (4.19), (4.21) and (4.22). However we would not find coefficients of the quantum effect terms in dangerous commutators unless we calculate concretely. Therefore, in the following sections, we calculate dangerous commutators in the spacetime conformal symmetry concretely with the help of the information about the structure of commutators obtained in this section.
Calculation of Dangerous Commutators in Hermitian R-order
In the Poincaré symmetry, there is no difference between the cases of the pure R-order, the Hermitian R-order and the Weyl order. On the other hand, in the spacetime conformal symmetry, because commutators of higher degree exist, there are differences in the quantum effect, which appears in terms of lower degree than the highest. Furthermore, we need some regularization because of inevitable divergent terms. As seen in appendix, the R-order breaks the hermitian property in the cut-off regularization. 32 Therefore we consider the case of the Hermitian R-order below.
As seen in appendix, commutators which we must calculate for the check of the spacetime conformal symmetry are (at least) [
Other commutators are calculated easily or obtained with the Jacobi identity. In this section we calculate these three commutators in the Hermitian R-order. The case of the Weyl order is similarly discussed.
[J
In [37, 39] , the dangerous commutator [J −I , K K ] is considered with the generic regularization and without Fourier expansion. Then it is verified that the anomaly can appear in the traceless part of [J −I , K K ] with respect to transverse indexes as follows:
where ǫ is regulator 33 and H.C. is the part compensated to preserve the hermitian property. The concrete form of H.C. depends on the operator order.
In the case of the Hermitian R-order, however, the possible structure of [J −I , K K ] is (4.11). Because there is no traceless part in (4.11), we may expect that the tensionless string theory in the Hermitian R-order is anomaly-free. However, we need some regularization because C in (4.11) is a divergent constant. Then we must investigate whether the regularization we choose causes problems. If a nice regularization exists, the tensionless string theory in the Hermitian R-order has no spacetime conformal anomaly.
To see what happens in the calculation with a regularization, we consider the regularized version of (4.11) firstly. The regularized version of (4.11) is
where ǫ is a real regulator and (ǫ) at the subscript of operators indicates that they are regularized and "≈" means the dropping of terms with M 0 at the right end. 34 The regularized operators become 32 This is seen as some kind of anomaly. 33 Some R-ordered generators must be regularized to avoid divergences. In [37, 39] 
Because the regularized non-dangerous commutators and the ordered classical part of regularized dangerous commutators do not cause any problem in the limit of the regulator, the rest we have to consider is the quantum effect part of regularized dangerous commutators. The rest of dangerous commutators are [J
. 35 According to the discussion in section 4, we find the structure of them.
where C ′ (ǫ) and C ′′ (ǫ) are constant. The first classical parts of these should vanish in the limit of ǫ → 0. Therefore, if C ′ (ǫ) and C ′′ (ǫ) vanish in the limit of ǫ → 0, we can avoid the anomaly of the spacetime conformal symmetry. The check of their vanishings is discussed in the same way as the calculation of [J
We refer the discussion in next subsection and appendix.
5.2K
Because the dangerous commutator [J − , J − ] is trivially zero in three dimensions, the ordering constant in M 0 , a, is not determined in three dimensions only by the requirement of the Lorentz symmetry, unlike in D > 3. Thanks to the freedom of a, we obtain the great possibility for the mass spectrum of the tensionless string theory. However, from another point of view, we can say that the theory has an ambiguity. Removing this ambiguity is one of the interesting problem. In this subsection, we calculate the definition ofK − and the dangerous commutator [J − ,K − ] in the Hermitian R-order without any explicit regularization. Then we find the avoidance of the spacetime conformal anomaly and determine the ordering constant such that a = 0. The calculation with the cut-off regularization is given as example in appendix.
Definition ofK −
HR
We define the Hermitian R-ordered generatorK
Because there is only one transverse direction in D = 3, this commutator is not anomalous. Because of the algebraic requirement, we must use it in commutators of the spacetime conformal symmetry consists of XXP P -quartic, XP -quadratic and a constant. The last two parts are the quantum effect terms, which arise in exchanging operators to get the correctly ordered result. Because XXP P -quartic terms are in the highest degree, we can know them by the classical calculation. After a long calculation, we find that they consist of XXP P -quartic terms in K − HR and terms with M 0 at the right end. As seen in section 4, in the Hermitian R-order, XP -quadratic terms make commutators and then are absorbed in the constant part.
Thus we obtain 37K
The first term is the original ordered classical generator. The second term is the gap by quantum effect and C is usually divergent constant. The last term, 38 which has M 0 at the right end, is obtained also by the classical calculation and becomes quadratic terms under the constraint in D = 3, M 0 ≈ a. Because there is the contribution from [X n , P −n ] = i for non-zero n to C, C is a divergent constant even in the Hermitian R-order. Therefore we need some regularization. Now we want to know whether the anomaly unrelated to the choice of the regularization exists in the spacetime conformal symmetry. Therefore we assume below the existence of a good regularization and then useK − HR , as it is in (5.7). The calculation with the cut-off regularization is given in appendix.
Dangerous commutator : [J
Here we calculate the dangerous commutator, [J − ,K − ], which may be anomalous. Firstly we see its structure. Then we calculate it explicitly. The calculation with the cut-off regularization is given in appendix.
From the number of the spacetime index, [J Furthermore, from the mass dimension, the first part can contain only x − x − p. It is easily calculated and then we find its cancellation. The second part can consist of XP P -cubic terms and p-linear terms. XP P -cubic terms in the second part are ordered classical results. On the other hand, p-linear terms 37 The last term in (5.7) is obtained from [
XnP−n is anti-hermitian and the same as the Hermitian R-ordered one because it is hermitian and commutes with M0. 39 Although we may consider x are forbidden because they are hermitian. The third part consists of XXP P P -quintic terms, XP Pcubic terms and p-linear terms. XXP P P -quintic terms in the third part are ordered classical results. As seen in section 4, XP P -cubic terms in the third part make a commutator [X n , P m ] = iδ n,−m in the Hermitian R-order to be contained in p-linear term.
Thus we find the structure of [J
where C ′ is a constant and we contained terms with M 0 at the right end in the ordered classical part. The second term in the last line is a quantum effect term. Because there is no term with the square of M 0 , the constraint, M 0 ≈ a, does not mix the first term and the second term in the last line of (5.8). Therefore they must be zero separately. 
where ≃ means the extraction of the classical part.
First we consider the first commutator in (5.9). Because the calculation is long, we separate J − R into three parts as below to calculate the contribution from each part.
Commutation relations in (2.14) which are satisfied also in the (Hermitian) R-order may help us in the following calculations. The commutator of the first part in (5.10) and K
The commutator of the second part in (5.10) and K − R is classically
The commutator of the third part in (5.10) and K
(5.13)
We collect (5.11)-(5.13) to obtain
where we used M 0 = −i n nX n P −n and then moved it to the right end. In the calculation of the quantum part, we must not forget the contribution which arises in moving M 0 to the right end.
Next we consider the commutator of the second term in (5.9). Because M 0 commutes with all generators, we obtain
This contains M 0 at the right end again.
We collect (5.14) and (5.15) to find that the classical part in (5.8) consists only of terms with M 0 ≈ a at the right end. Therefore we determine the ordering constant so that a = 0. . By using the Jacobi identity, we deform it as follows.
Below, we calculate each part. The first commutator in the second line of (5.16) is calculated as follows. 17) 40 Note that the classical part and the quantum effect part must vanish separately.
where we used
The second commutator in the second line of (5.16) is calculated as follows.
where we used the following relations:
We collect (5.17) and (5.19 ) to obtain
Then we find that the second line of (5.16) is as follows:
The third term in the r.h.s. of (5.22) is calculated as
and the 4th term in the r.h.s. of (5.22) is calculated as
Thus we get
The last commutator in the second line of (5.16) is calculated as In this subsection, in order to know whether the anomaly irrelevant to an explicit regularization exists, we have calculated the dangerous commutator without the regularization. In appendix, we will calculate the dangerous commutator explicitly with the cut-off regularization and without using the Jacobi identity. There we will calculate regularized-C in (5.7) concretely and then verify the cancellation of C ′ in (5.8).
Calculation of Dangerous Commutators in XP-normal Order
In this section we investigate three commutators which we must calculate for the check of the spacetime conformal symmetry, [
Because the off-diagonal part in the second line of (4.16) 
Preparation for explicit calculation
Here we give the explicit representation of important generators and some useful commutation relations.
First, we give the representation of generators which we need for the calculation, J
−I
XP and K K XP . In XP-normal ordered generators, non-zero modes are normal-ordered but zero mode are not. Therefore we decouple zero mode. J
XP is written as
where barred operators are defined by removing zero mode from unbarred ones and we used
Here we note that commutation relations ofL n orM n is the same as the relations of unbarred ones because unbarred ones does not contain any x zero mode.
where h.c. indicates hermitian conjugate of the adjacent part. Because we do not need K − in the calculation in the next subsubsection, we omit the representation of K − in D > 3.
Next we give some useful commutation relations below. For n > 0, 
where "∼" means the equivalence up to non-anomalous part. The commutator of the second part in (6.2) is
And the commutator of the third part in (6.2) is
Thus we find that commutators of the first three parts in (6.2) do not contribute to the anomalous part. However, there are contributions from the commutators of 4th and 5th parts in (6.2) to the anomalous part. Because terms with odd degree of x I and p I does not contribute to the anomalous part, we find that the contribution from the 4th part to the anomalous part comes from commutators with the first and second lines in (6.4). From a short calculation, we find that the commutator of the 4th part in (6.2) and the first lines in (6.4) does not contribute to the anomalous part. Then we obtain (4th term of (6.2)), K K XP ∼ (4th term of (6.2)), (2nd line of (6.4))
Similarly, the contribution from the 5th part in (6.2) to the anomalous part comes from commutators with the 3rd, 4th and 5th lines in (6.4). We collect them to obtain
, (3rd, 4th and 5th line of (6.4))
We collect (6.7)-(6.11) to get
1 n (6.12)
As expected from (6.1), the first line in the r.h.s. of (6.12) is symmetric in exchanging I and K and the second line vanishes when D = 26 and M 0 = 2. Then the first line is anomalous. Thus we have found explicitly the anomaly of the spacetime conformal symmetry for the tensionless string in the XP-normal order.
If we interpret anomalous terms in [J
as a new constraint condition to avoid the anomaly, commutators of such a constraint and generators produce other new constraints, as we see in [37, 39] . Under all constraint conditions, only the string ground state |0 XP survives. This is consistent with the fact that the mass eigenstate with positive norm in the XP-normal order is only the string ground state. Because another type of anomalous terms, iC p 2 − , does not exist in the dangerous commutator, the theory restricted to the string ground state preserves the spacetime conformal symmetry. It means that the tensionless string theory with the spacetime conformal symmetry in the XP-normal order is point-like. 
6.2K
Preparation for explicit calculation
First, we give the representation of generators which we need for the calculation, J − XP and K XP and K
where L 0 = pp + M 2 = pp + 2 n>0 P −n P n and Λ XP is defined as
Here we note that Λ XP is hermitian and p zero mode in Λ XP is canceled. The important generators among the dilatation and the special conformal transformation are 15) and
(6.16)
Next we give some useful commutation relations below. 17) where the barred operators are defined by removing to zero mode from unbarred ones.
Calculation ofK −
XP
For the algebraic requirement, we must useK
The first term in the r.h.s. of (6.18) is the original XP-normal ordered generator in (6.17) . The second term is the quantum effect term arising only from zero modes. The third term consists of quantum effect terms of degree 2 and terms with M 0 at the right end, such as 19) where g (n) and h (n) is coefficients dependent on Fourier-mode index, n. We calculate [J − XP , K XP ] explicitly to determineC and δK − XP in (6.18) . Because the calculation is lengthy, we omit the contribution to K − XP obtained by the classical calculation. The contribution from the commutator of the first three terms in (6.13) and 20) where "∼" means the extraction of the contribution toC and δK − XP . The contribution from the commutator of the last terms in (6.13) is lengthy. Therefore, firstly we calculate the contribution from each line of K XP in (6.15) and next collect them to obtain [
In the calculation, we may use the help of (6.17) . After the calculation, we find that there is no contribution from the first and second lines of K XP in (6.15) . 
where
The sum of the last term in f (n) arises when we order 26) where g (n,m) and h (n,m) are coefficients which depend of n and m and contain M 0 ≈ a. The first line in (6.25) has the same structure as in the Hermitian R-order and the second line in (6.25) is new one. Both structures in (6.25) contain zero mode, p. Therefore, after the similar calculation to the case of the Hermitian R-order in which we have considered the commutator of x and [J − ,K − ], we will find the absence of them.
Two structures in (6. 
27) 41 We must not forget the contribution from terms arising in moving M0 to the right end.
The contribution from the first part in the r.h.s. of (6.27) is obtained as 42 , does not exist in the dangerous commutator, the theory restricted to the string ground state preserves the spacetime conformal symmetry. It means that the tensionless string theory with the spacetime conformal symmetry in the XP-normal order is point-like. 42 Note that P+N = − 
Summary and Outlook
In this paper, we have considered the tensionless closed bosonic string theory in the light-cone gauge and calculated dangerous commutators in various dimensions and in two types of operator orders.
The main products of our study in this paper are the avoidance of the spacetime conformal anomaly in the Hermitian R-order (and the Weyl order) and the explicit calculation of the spacetime conformal anomaly in the XP-normal order. Both products are independent of the spacetime dimension. The first product has been obtained mainly in section 4 and 5. In section 4, we have considered the structure of (dangerous) commutators in the Hermitian R-order, where the mode flipping symmetry corresponding to the world sheet parity is preserved. By using the information of it, we have calculated the dangerous commutators of the spacetime conformal symmetry in the Hermitian R-order. Against the critical dimension of the conformal string in the BRST formalism or the calculation in the light-cone gauge without the mode expansion [37, 38, 39] , we have found that there is no spacetime conformal anomaly unrelated to the regularization in the Hermitian R-order (and the Weyl order) by the calculation with the Fourier mode expansion. Furthermore, in appendix, we have calculated the dangerous commutators in the Hermitian R-order in three dimensions with the cut-off regularization to obtain the set of the expected commutation relations for the spacetime conformal symmetry in the limit of the cut-off scale, N → ∞. The results obtained is a new example for the differences between the results in the BRST formalism and in the light-cone gauge quantization, such as the critical dimension of the tensionful string theory in the BRST quantization formalism and the avoidance of the Lorentz anomaly in the 3-dim. light-cone gauge quantization. Such differences between the results in the BRST formalism and in the light-cone gauge quantization are strange and interesting and then need the further studies.
The second product has been obtained from section 4 and 6. By using the information about the structure of dangerous commutators considered in section 4, we have calculated concretely the dangerous commutators in the spacetime conformal symmetry of D > 3 and D = 3 in the XP-normal order, where the string ground state breaks the mode flipping symmetry. Then we have verified the existence of the spacetime conformal anomaly for the tensionless string theory in the XP-normal order. Or, if we have interpreted the anomalous commutators as additional constraints to avoid the spacetime conformal anomaly, we have found that the tensionless string theory in the XP-normal order becomes point-like. It is similar to other works by the discussion of the norm of mass eigenstates [37, 39, 45] .
The outlooks for the future works are roughly divided as follows:
• Other types of tensionless string in light-cone gauge • Relation between tensionless string theory and higher spin gauge theory Firstly, other types of the tensionless string in the light-cone gauge are interesting. The spacetime conformal anomalies of these theories in the light-cone gauge are not satisfyingly investigated yet, against many studies of the Lorentz anomaly [36, 35, 33] . In the supersymmetric case, we have a fermionic field. We choose naturally the normal order as its operator order. Because the string ground state for the normal order breaks the mode flipping symmetry, the normal order for the fermionic modes and the Hermitian R-order in this paper are incompatible. To avoid the spacetime conformal anomaly, we may need the choice of the normal order also for bosonic modes and a miracle. In the case of open tensionless string, the commutation relation of X n = X −n and P m = P −m is different from the case of the closed tensionless string as seen in this paper: [X n , P m ] = i 2 (δ n,−m +δ n,m ). Therefore the dangerous commutator [J − ,K − ] can have terms consisting of modes with even integer index, i p − n>0 C n P 2n even in the Hermitian R-order and without the explicit regularization. In fact, from the explicit calculation, we will find such terms. Thus both cases is difficult and then we probably need some other method.
Next, it is important to reproduce the results obtained in the light-cone gauge by some covariant method. At present, the special results in three dimensional theories comes only from the light-cone gauge quantization. It is not understood well whether the BRST formalism and the light-cone gauge quantization give really the same physics. Therefore it is important to reproduce a result obtained in one method by other method(s). If we cannot reproduce, we must consider its reason.
In this paper, we have not considered the mass spectrum. However we must study more the mass spectrum of the tensionless string in the (Hermitian) R-order, especially the massless spectrum. In other studies such as [35, 50] , the eigenfunctions only of the mass square operator, M 2 , are considered. However there is another Poincaré invariance corresponding to spin, Λ in three dimensions. Although we use it to construct the non-separable mass eigenfunctions in [50] , diagonalizing simultaneously M 2 and Λ is possible in principle. The investigation of states with various helicities or spins, such as the case of the 3-dim. tensionful string in the light-cone gauge [46, 47, 48, 49, 54, 55, 56] , is interesting and important for the construction of a interacting tensionless string theory. Although there are abundant spectrum even in a single string, there will be new interesting feature or some restriction in the interacting theory. Then the interacting theory probably tell us the relation between tensionless string theories and higher spin gauge theories.
Furthermore the application of dualities to the tensionless string theory and the understanding of the relation between tensionless string theories and higher spin gauge theories are interesting and important.
B Cut-off Regularization in R-order and Hermitian R-order
In some operator orders such as the R-order and the Hermitian R-order, some Hermitian generators of the spacetime symmetry have divergent terms [37, 39] . Therefore we have to regularize them for explicit calculations. For example, the dilatation in the R-order is
Because D R is not hermitian, we must hermitianize it. If we reorder the hermitian generator into the R-order, we find the divergent term as follows:
In the Hermitian R-order where the ordered result is the second formula, the regularization is not necessary in the dilatation. However, as seen in C p − of (4.11) or (5.7), generators of higher degree such asK − defined by the commutator can contain a divergent term from the quantum effect. Therefore we need some regularization also in the Hermitian R-order.
In this appendix, we regularize divergences with the cut-off regularization, which drops higher Fourier modes of the transverse fields. The advantages of the cut-off regularization are that infinite series become the sum of finite terms and that all commutators of generators except forK − satisfy the relations expected in the spacetime conformal group. 47 For the simplicity, we consider the case of three dimensions below. The higher dimensional case is similarly discussed.
B.1 Cut-off regularization
In the cut-off regularization, we drop X-and P -modes with larger index than N as follows: The first commutator is good, but the 2nd term of the second commutator and the 2nd and 3rd terms of the third commutator are extra. However, because we expect that taking the limit of N → ∞ recovers the original algebra, such extra terms should be dropped in the limit if they are correctly ordered. Dropping the correctly ordered extra terms in the limit corresponds to the shift of the index of summation in series of ordered operators. The shift of the index of summation in series of ordered operators is done when we derive the Virasoro algebra for the usual tensionful string theory. Therefore, we assume that the correctly ordered extra terms have a good convergence property and are dropped in the limit of N → ∞.
The regularized generators are defined by the restriction in (B.3) and indicated by (N) in the subscript. For example,
